
1. Reminder of Notation

gµν = gµν = diag(1,−1,−1,−1) ,

xµ = gµνx
ν xµ = gµνxν ,

∂µ =
∂

∂xµ
=

(
∂

∂x0
,∇

)
,

∂µ =
∂

∂xµ
=

(
∂

∂x0
,−∇

)
.

∂

∂aµ
(aνb

ν) = δµν b
ν = bµ ,

/p ≡ γ0p0 − γipi .

2. Basic Principles

H = Πϕ̇− L Π =
∂L
∂ϕ̇

,

S =

∫ t2

t1

dt

∫
dxL ,

E-L eq.:
∂L
∂ϕa

− ∂µ

[
∂L

∂∂µϕa

]
= 0 .

Causality: [ϕa(x, t),Πb(y, t)] = iδ3(x− y) ,

(x− y)2 < 0 ,

3. Cannonical Quantization

[ϕ̂(x, t), Π̂(y, t)] = iδ3(x− y) ,

[ϕ̂(x, t), ϕ̂(y, t)] = 0 ,

[Π̂(x, t), Π̂(y, t)] = 0 .

4. Noether’s Theorem

Invariance under a continuous transforma-
tion of the form: ϕa → ϕa + α∆ϕa where
L → L+ α∂µJ

µ gives rise to conserved cur-
rent and charge:

jµ =
∑
a

∂L
∂∂µϕa

∆ϕa − Jµ ,

Q =

∫
j0(x, t) dx ,

for which it holds that:

(i) ∂µj
µ(x, t) = 0

(ii)
d

dt
Q = 0

5. Scalar Fields

∂µ∂
µϕ(x, t) +m2ϕ(x, t) = 0 ,

L =
1

2
(∂µϕ) (∂

µϕ)− m2

2
ϕ2 ,

Tµ
ν =

∂L
∂∂µϕ

∂νϕ− δµνL ,

ϕ̂(x, t) =

∫
dp

(2π)3
Ap

(
ape

−ipx + a†pe
ipx

)
,

[ap, a
†
p′ ] = (2π)3δ3(p− p′) ,

[ap, ap′ ] = 0 , [a†p, a
†
p′ ] = 0 ,

p̂ =

∫
dp

(2π)3
p a†pap ,

Ĥ =

∫
dp

(2π)3
Ep

1

2

[
a†pap +

1

2
(2π)3δ(0)

]
,

∆F (x− y) =

∫
d4p

(2π)4
ieip·(x−y)

p2 −m2 + iε
.

6. Dirac Spinor Fields (Fermions)(
iγµ

∂

∂xµ
−m 1

)
ψ(x) = 0 ,

L(x) = ψa (iγ
µ∂µ −m)ab ψb(x) ,

ψ ≡ ψ†γ0 ,

ψ(x) =

∫
d3p

(2π)3
1√
2Ep

∑
s

(
aspu

s(p)e−ip·x

+bs†pv
s(p)eip·x

)
,

ψ(x) =

∫
d3p

(2π)3
1√
2Ep

∑
s

(
bspv

s(p)e−ip·x

+aspu
s(p)eip·x

)
,{

ψa(x, t), ψ
†
b(y, t)

}
= δabδ(x− y) ,{

ψa(x, t), ψb(y, t)
}
= 0 ,{

ψ†
a(x, t), ψ

†
b(y, t)

}
= 0 ,{

arp, a
s†
q

}
=

{
brp, b

s†
q

}
= (2π)3δrsδ(p− q) ,

us(p) =Mpu
s(0) =

√
E +m

m

(
ξs

σ·p
E+mξ

s

)
;

ξ1 =

(
1
0

)
, ξ2 =

(
0
1

)
,

vs(p) =Mpv
s(0) =

√
E +m

m

( σ·p
E+mη

s

ηs

)
;

η1 =

(
1
0

)
, η2 =

(
0
1

)
,

ur(p)us(p) = 2mδrs ,

vr(p)vs(p) = −2mδrs ,
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ur†(p)us(p) = 2Epδ
rs ,

vr†(p)vs(p) = +2Epδ
rs ,

ur(p)vs(p) = vr(p)us(p) = 0 ,

ur†(p)vs(−p) = vr†(−p)us(p) = 0 ,

Ĥ =

∫
dp

(2π)3
Ep

∑
s

(
as†pa

s
p + bs†pb

s
p

)
,

p̂ =

∫
dp

(2π)3
p
∑
s

(
as†pa

s
p + bs†pb

s
p

)
,

Q̂el. = e

∫
dp

(2π)3

∑
s

(as†pa
s
p − bspb

s†
p) ,

Ĵ = Ŝ + L̂ =

=

∫
d3xψ̂†

[
1

2
Σ + (x× (−i∇))

]
z

ψ̂ ,

Σi =
1

2

[
σi 0
0 σi

]
,

∆F (x− y) ≡ ⟨0|T
{
ψ(x)ψ(y)

}
|0⟩ =

=

∫
d4p

(2π)4
i(/p+m)

p2 −m2 + iε
e−ip·(x−y) ,(

ape
−ip·x + ap

†eip·x
) t=0−→

(
ap + ap

†) eip·x ,
|p⟩ =

√
2Epa

†
p|0⟩ ,

Majorana Fermions: bsp = asp .

7. Complex Scalar Fields

L = ∂µϕ∂
µϕ† −m2ϕϕ† ,

ϕ̂(x, t) =

∫
dp

(2π)3
1√
2Ep

(
ape

−ip·x + b†pe
ip·x) ,

ϕ̂(x, t) ̸= ϕ̂†(x, t) ,[
ap, a

†
q

]
= (2π)3δ(p− q) ,[

ϕ̂(x, t), Π̂(y, t)
]
= iδ(x− y) .

8. Interactions

� Scalar-Scalar:

LI = − λ

4!
ϕ4 ,

� Fermion-Vector:
LI = −Aµ

∑
f

efψfγµψf ,

� Fermion-Scalar (Yukawa):
LI = −gϕψψ ,

� Fermion-Pseudoscalar:
LI = −gψiγ5ϕψ ,

� Scalar-Vector:
L1 = g̃Vµϕ∂

µϕ† ,

L2 = g̃VµϕV
µ†ϕ† ,

� Do remember that:

HI = −LI ,

� Correlation Functions:

⟨Ω|T {ϕ1(x1)ϕ2(x2) . . .}|Ω⟩ =

limT→∞(1−iε)

⟨0|T
{

ϕI (x1)...ϕI (xn)X
}

0⟩

⟨0|T
{

exp[−i
∫T
−T

∫
d4zHint]

}
|0⟩

,

X = exp

[
−i

∫ T

−T

∫
d4zHint(z)

]
,

� Symmetry Factor:

� Probability Amplitude:
Ŝ = 1+ iT̂ ,

iTfi = (2π)4δ4(p1 + p2 − kA − kB)iMfi ,

dσ = dΠ|M |2 1
2EA2EB |vA−vB | v is velocity ,

dΠ =
p1

16π2ECMS
dΩ ,

Nonpolarized scattering:

|M |2 =
1

NsNr

∑
s,r

∑
s′,r′

|M(s, r → s′, r′)|2 ,

Fermions:∑
s = 1, 2us(p)us(p) = /p+m ,∑
s = 1, 2vs(p)vs(p) = /p−m ,

Photons:∑
r=1,2

εrµ
†=∗εrν = −gµν
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9. Feynman Rules

When transforming from momentum to po-
sition space, remember:∫

d4x exp [−ix(
∑

pi)] = (2π)4δ4(
∑

pi)

Rules in momentum space:

⟨ϕ|∂µϕ = (−ipµ)e−ipx

∂µϕ|ϕ⟩ = (ipµ)e
ipx

Some additional relations:

tr 1 = 4 ,

tr (odd number of γ) = 0 ,

tr γµγν = 4gµν ,

tr (γµγνγργσ) = 4(gµνgρσ − gµρgνσ + gµσgνρ) ,

tr (γ5) = 0 ,

tr (γµγνγ5) = 0 ,

tr (γµγνγργσγ5) = −4iεµνρσ ,

εαβγδεαβγδ = −24 ,

εαβγνεαβγδ = −6δνδ ,

εαβγµνεαβγρσ = −2 (δµρδ
ν
σ − δµσδ

ν
ρ) ,

γµγνγµ = −2γν ,

γµγνγργµ = 4gνρ ,

γµγνγργσγµ = −2γσγργν ,

γµ† = γ0γµγ0 ,

tr (γµ/aγµ/b) = 4(aµbν − aνbµ − gµνa · b) ,

10. Quantum Electrodynamics

Âµ(x) =

∫
dk

(2π)3
1√
2Ek

3∑
r

(
εrµ(k)e

−ik·xak+

+εr∗µ (k)eik·xa†k
)
,

∆µν(x− y) =

∫
d4k

(2π)4
igµν

k2 + uε
e−ik·(x−y) ,

Ward Identity:

kµM
µ = 0 ,

Polarizations:

εr=0=s
µ = (1, 0, 0, 0) ,

εr=1=T
µ = (0, 1, 0, 0) ,

εr=2=T
µ = (0, 0, 1, 0) ,

εr=3=L
µ = (0, 0, 0, 1) ,
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11. Regularization

Feynmann parametrization:

1

AB
=

∫ 1

0

dx
1

[x(A−B) +B]2
,

1

A1 . . . An
=

∫ 1

0

dx1...dxnδ(
∑

xi
−1)(n−1)!

[x1A1 + x2A2 +...+xnAn]
n
,

A = (k + q)2 −m2 + iε , B = k2 −m2 + iε ,

⇒ x(A−B) +B = l2 −∆+ iε =

= (k2 + xq)2 − x2q2 + xq2 −m2 + iε ,

A = (p− k)2 + iε , B = k2 −m2 + iε ,

⇒ x(A−B) +B = l2 −∆+ iε =

= (k − px)2 − p2x2 + xp2 −m2 + xm2 + iε .

Wick Rotation:

l0 = il0E ,∫
ddlE
(2π)d

1

(l2E +∆)n
=

=
1

(4π)(d/2)
ΓE(n− d

2 )

ΓE(n)

(
1

∆

)n−d/2

,∫
ddlE
(2π)d

l2E
(l2E +∆)n

=

=
1

(4π)(d/2)
d

2

Γ(n− d
2 − 1)

Γ(n)

(
1

∆

)n− d
2−1

,

d

2
Γ(1− d

2
) = (−2)Γ(2− d

2
) ,(

1

∆

)1− d
2

=

(
1

∆

)2− d
2

∆ ,

lµlν → 1

d
l2gµν ,

lim
d→4

M4−dΓ(2− d
2 )

(4π)d/2∆(2−d/2)
=

= lim
η→0

1

(4π)2

[
2

η
− ln

∆

M2
− γ + ln(4π)

]
.

12. Renormalization

Conditions:

Γ
(2)
e,R(/p = mR) = 0 ,

∂Γ
(2)
e,R

∂/p
(/p = mR) = 1 ,

Γ
(2)
γ,R(q

2 = 0) = 0 ,

∂Γ
(2)
γ,R

∂q2
(q2 = 0) = 1 ,

Γ
(3),µ
R (q = 0) = −ieRγµ ,

For the electron:

Prope(p) = propagator + 1 particle irr. + · · · =

=
i

/p−m

∑
(
−iΣ2

/p−m
)n =

i

/p−m− Σ2
=

=
iZ2

/p−mR
=

i

Γ
(2)
e,R

,

Z2 =
1

1− ∂Σ2

∂/p

∣∣∣∣
/p=mR

.

For the photon:

Propγ(q) = propagator + 1 particle irr. + · · · =

=
−igµν

q2(1−Π(q2))
=

=
−igµν

q2(1− (Π2(q2)−Π2(0)))
Z2 =

=
igµν

Γ
(2)
γ,R(q

2)
>,

Z2 =
1

1−Π2(0)
.

For the vertex:

u(p′)Γ(3),µ(q) ,

Γ(3),µ(q) =

= −ie
[
γµ(1 + δF1(q

2) + i
σµνqν
2m

F2q
2)

]
.
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13. With Counterterms

Conditions:

Γ
(2)
e,R(p) = Z2Γ

(2)
e (p) → ΓR = Z

−1/2
2 Γ ,

Γ
(2)
γ,R(q) = Z3Γ

(2)
γ (q) → Aµ

R = Z
−1/2
3 Aµ ,

Γ
(3),µ
R (q = 0) = Z2

√
Z3γ

µ(1 + δF1(0)) =

= −ieγµ → eR =
√
Z3e ,

Counterterms:

Z2 = 1 + δ2 ,

Z3 = 1 + δ2 ,

Z1 = 1 + δ1 ,

Z2m = mR + δm ,

e = eRM
ε/2 ,

Photon Propagator:

−i(gµνq2 − qµqν)δ3 ,

propagator =
−igµν

q2(1−Π(q2) + δ3)
=

=
−igµν
Γ
(2)
γ,R(q)

,

δ3 = Π2(0) .

Electron propagator:

i(/pδ2 − δm) ,

propagator =
i

/p−mR − Σ2(p,m) + (/pδ2 − δm)

=
i

Γ
(2)
e,R(p)

.

Vertex:

−ieRMε/2γµδ1 ,

vertex ⇒ δ1 = −δF1(0) .

14. Bonus

Pauli Matrices:

σ1 =

(
0 1
1 0

)
,

σ2 =

(
0 −i
i 0

)
,

σ3 =

(
1 0
0 −1

)
,

Gamma Matrices in Dirac Represen-

tation:

γ0 =

(
1 0
0 −1

)
,

γi =

(
0 σi

−σi 0

)
,

γ5 =

(
0 1

1 0

)
,

Gamma Matrices in Weyl/Chiral Rep-
resentation:

γ0 =

(
0 1

1 0

)
,

γi =

(
0 σi

−σi 0

)
,

γ5 =

(
−1 0
0 1

)
,

Gauge Transformation:

Aµ → Aµ − 1

e
∂µα .

Levi-Civita Tensor:

+1 if ijk = 123, 231, 312 ,

−1 if ijk = 321, 213, 132 ,

0 if any index is repeated .

15. Lorentz Transformations

Properties:

ΛναΛ
ν
β = gαβ ,

Λν
α = (Λ−1)να ,

Scalars:
ϕ(x) → ϕ(Λ−1x) ,

Spinor:

ψ(x) →M1/2ψ(Λ
−1x) ,

Vector:

Aµ(x) →Mµ
ν (1)A

µ(Λ−1x) ,

Representation:

M(s) = exp(
∑
k

−iθkJk
(s)) ,

M(Λ) = exp

[
− i

2
wµνJ

µν
(s)

]
,
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[
J l
(s), J

m
(s)

]
= iεlmkJk

(s) ,

S0i
1/2 =

i

4

[
γ0, γi

]
= − i

2

[
σi 0
0 −σi

]
,

Sij
1/2 =

i

4

[
γi, γj

]
=

1

2
ϵijk

[
σk 0
0 σk

]
.

For Fermions:

Boost in z:

Mβ
1/2 = cosh(ω03)1− sinh(ω03)

(
σ3 0
0 −σ3

)
,

ω03 = arctanh β ,

Rotation in z:

M12
1/2 = cos(

θ

2
)1− i sin(

θ

2
)

(
σ3 0
0 σ3

)
,

For Vectors:

Boost in z:

M3
(1) =


cosh(ω03) 0 0 sinh(ω03)

0 1 0 0
0 0 1 0

sinh(ω03) 0 0 cosh(ω03)

 =

=


γ 0 0 γβ
0 1 0 0
0 0 1 0
γβ 0 0 γ

 ,

ω03 = arctanh β ,

Rotation in z:

M2
(1) =

1 0 0 0
0 cos θ − sin θ 0
0 sin θ cos θ 0
0 0 0 1


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